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New Laplacian comparison theorem and its applications to
diffusion processes on Riemannian manifolds
Kazuhiro Kuwae∗ and Xiang-Dong Li†
Abstract
Let L = ∆ − ∇φ · ∇ be a symmetric diffusion operator with an invariant mea-
sure µ(dx) = e−φ(x)m(dx) on a complete non-compact smooth Riemannian manifold
(M,g) with its volume element m = volg, and φ ∈ C2(M) a potential function. In
this paper, we prove a Laplacian comparison theorem on weighted complete Rie-
mannian manifolds with CD(K,m)-condition for m ≤ 1 and a continuous function
K. As consequences, we give the optimal conditions on m-Bakry-Émery Ricci tensor
for m ≤ 1 such that the (weighted) Myers’ theorem, Bishop-Gromov volume com-
parison theorem, Ambrose-Myers’ theorem, and the Cheeger-Gromoll type splitting
theorem, stochastic completeness and Feller property of L-diffusion processes hold on
weighted complete Riemannian manifolds. Some of these results were well-studied
for m-Bakry-Émery Ricci curvature for m ≥ n ([32, 36, 44, 56]) or m = 1 ([58, 59]).
When m < 1, our results are new in the literature.
Keywords: Bakry-Émery Ricci tensor, curvature dimension condition, Laplacian com-
parison theorem, weighted Myers’ theorem, Bishop-Gromov volume comparison theorem,
Ambrose-Myers’ theorem, Cheeger-Gromoll splitting theorem, stochastic completeness,
Feller property
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1 Introduction
Laplacian comparison theorem is an important result in Riemannian geometry and has
many deep applications in geometric analysis on complete Riemannian manifolds, for ex-
ample, Myers’ theorem, the Bishop-Gromov volume comparison theorem, the eigenvalue
comparison theorem, the Cheeger-Gromoll splitting theorem, the Li-Yau Harnack inequal-
ity for positive solution to the heat equation ∂tu = ∆u and the upper and lower bounds
estimates of heat kernel on complete Riemannian manifolds with natural geometric con-
dition Ric ≥ K, where Ric is the Ricci curvature, and K ∈ R. See S. T. Yau [60–62], R.
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T. Varopoulos [54,55], Karp and P. Li [26], Li and Yau [30], Schoen and Yau [46] and the
references therein.
On the other hand, by Itô’s theory of stochastic differential equations, the transi-
tion probability density of Brownian motion on Riemannian manifolds is the fundamental
solution (i.e., the heat kernel) to the heat equation ∂tu = ∆u. Due to this important
connection between probability theory and geometric analysis, the Laplacian comparison
theorem has also significant applications in the study of probabilistic aspects of diffusion
processes on complete Riemannian manifolds. In particular, the conservativeness (equiv-
alently, the stochastic completeness) and the Feller property of the Brownian motion on
manifolds.
A diffusion process is said to be conservative or stochastically complete if the associated
stochastic process stays at the state space forever. This property is equivalent to the strong
Liouville property for the solution of (L− λ)u = 0 for sufficiently large λ > 0. Here L is
the generator associated to the diffusion process. More precisely, this means that there
exists λ0 > 0 such that for all λ ≥ λ0, every non-negative bounded solution of (L−λ)u = 0
must be identically zero. There are many results on the conservation property for diffusion
processes (see, e.g., [13,19,20,24,25,41,42,47,53] and references therein). In these papers,
the conservation property is characterized in terms of the volume growth of the underlying
measure and the growth of the coefficient. The conservativeness of Brownian motions on
complete Riemannian manifolds has been also studied by many authors. First, Yau [61]
proved that every complete Riemannian manifold with Ricci curvature bounded from
below is stochastically complete. Karp and Li [26] proved that if the volume of the
geodesic balls BR(x) of a complete Riemannian manifold M satisfies VR(x) ≤ eCr2 for
some (and hence all) x ∈ M and all r > 0 then M is stochastically complete. Li [29]
proved that if Ric(x) ≥ −C(1 + rp(x)2) for all x ∈M then M is stochastically complete.
Li’s result can be also considered as a special case of a conservativeness criterion due to
Varopoulos [54] and Hsu [22, 23], where they proved that if there exists a non-negative
increasing function K(r) on [0,+∞[ such that
Ric(x) ≥ −K(rp(x)) (1.1)
and ∫ ∞
r0
dr√
K(r)
= +∞ for some r0 > 0, (1.2)
then M is stochastically complete. So far it is known that the optimal geometric con-
dition for the stochastic completeness of a complete Riemannian manifold is due to
Grigor’yan [20] and in which it was proved that if the volume of geodesic balls of a
complete Riemannian manifold M satisfies∫ ∞
1
rdr
logm(Br(p))
= +∞ (1.3)
for some (and hence all) p ∈ M , then M is stochastically complete. Here m is the vol-
ume measure of (M, g). In relation to the Grigoryan’s criterion (1.3) for the stochas-
tic completeness, Hsu-Qin [24] gave a characterization of upper rate function of the
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process in terms of a more relaxed criterion than (1.3). The first example of com-
plete but not stochastic complete Riemannian manifold was constructed by Azencott [4].
Lyons [31] showed that the stochastic completeness is not stable under general quasi-
isometric changes of Riemannian metrics.
A diffusion process on M is said to have Feller property if its semigroup Pt satisfies
Pt(C∞(M)) ⊂ C∞(M) and limt→0 Ptf(x) = f(x) for f ∈ C∞(M). By Azencott [4], the
semigroup Pt = etL of the diffusion has the Feller property if and only if the following
Liouville theorem holds for solutions of (L − λ)u = 0 in the exterior region: for any
compact set K ⊂ M and any λ > 0, the minimal positive solution of (L − λ)u = 0 on
M \K with Dirichlet boundary condition u ≡ 1 on ∂K must tend to zero at infinity. If
X = (Ω, Xt,Px) denotes the diffusion on M starting from x ∈ M , then X has the Feller
property if and only if for each t > 0 and for all compact set K ⊂M ,
lim
t→∞
Px(σK ≤ t) = 0,
where σK := inf{t > 0 | Xt ∈ K} is the first hitting time to K of X. In [62], Yau proved
that every complete Riemannian manifold with Ricci curvature bounded from below by
a negative constant has the Feller property. We refer the reader to Dodziuk [14] for an
alternative proof of this result for which one need only to use the maximum principle.
By developing Azencott’s idea, Hsu [22, 23] proved that if M is complete Riemannian
manifold on which there exists a positive increasing continuous function K on [0,+∞[
satisfying (1.1) and (1.2), then the Brownian motion on M has the Feller property.
In [44], Z. Qian extended the standard Laplacian comparison theorem for the usual
Laplace-Beltrami operator to weighted Laplacian (called also Witten Laplacian) on com-
plete Riemannian manifolds with weighted volume measure and proved an extension of
Myer’s theorem on weighted Riemannian manifolds. In [10], Bakry and Qian gave a proof
of the weighted Laplacian comparison theorem without using the Jacobi field theory.
In [32], one of the authors of this paper gave a natural proof of Bakry-Qian’s weighted
Laplacian comparison theorem on weighted complete Riemannian manifolds, which is
more familiar to readers in geometric analysis, and extended several important results
in geometric and stochastic analysis to weighted Riemannian manifolds, including Yau’s
strong Liouville theorem, the L1-Liouville theorem, the L1-uniqueness of the solution
of the heat equation, the conservativeness and the Feller property for symmetric dif-
fusion processes under the optimal geometry condition on the so-called m-dimensional
Bakry-Émery Ricci curvature, denoted by Ricm,n(L), associated with the diffusion oper-
ator L = ∆−∇φ · ∇ on an n-dimensional complete Riemannian manifold (M, g) with a
weighted volume measure dµ = e−φdm, where φ ∈ C2(M), m ≥ n, and
Ricm,n(L) = Ric+∇2φ− ∇φ⊗∇φ
m− n .
In [32], the Li-Yau Harnack inequality has been also proved for positive solutions to the
heat equation associated with the weighted Laplacian on weighted complete Riemannian
manifolds with the m-dimensional Bakry-Émery Ricci curvature lower bound condition
for m ≥ n. In [33], one of the authors of this paper proved the W -entropy formula for the
heat equation associated with the Witten Laplacian on weighted complete Riemannian
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manifolds with non-negative m-dimensional Bakry-Émery Ricci curvature, and pointed
out its relationship with the Boltzmann-Shannon entropy and the Li-Yau Hanarck quan-
tity. In [34, 35], S. Li and X.-D. Li extended the Li-Yau-Hamilton Harnack inequality to
positive solutions to the heat equation associated with the Witten Laplacian on weighted
Riemannian manifolds with Ricm,n(L) ≥ K, and extended the W -entropy formula to the
(K,m)-super Ricci flows. They also pointed out the relationship between the Li-Yau-
Hamilton Harnack inequality and the W -entropy for the heat equation associated with
the Witten Laplacian on weighted complete Riemannian manifolds with the condition
Ricm,n(L) ≥ K (equivalently, the CD(K,m)-condition), where m ≥ n and K ∈ R are
two constants. Indeed, there have been intensive works in the literature on the study of
geometry and analysis of weighted complete Riemannian manifolds with the CD(K,m)-
condition for m ≥ n and K ∈ R or K being a suitable function on the distance function
from a fixed point in manifold. See e.g. [3, 5–10,17, 18, 32–36,56] and reference therein.
The above mentioned results can be regarded as the natural extensions of the well-
known results in geometric or stochastic analysis for the usual Laplacian on complete
Riemannian manifolds with suitable lower bound on the Ricci curvature to the weighted
Laplacian on weighted complete Riemannian manifolds with the m-dimensional Bakry-
Émery Ricci curvature Ricm,n(L) ≥ −K for m > n and for K ∈ R or K being a suitable
function of the distance function from a fixed point in manifolds. It is natural and
interesting to ask the question whether we can extend the well-established results to
weighted complete Riemannian manifolds with the geometric condition Ricm,n(L) ≥ −K
for m < n and for K ∈ R or K being a suitable function of the distance function from a
fixed point in manifolds. This question was raised by Dominique Bakry to S. Li and one
of the authors during a Workshop on Stochastic Analysis and Geometry held in Beijing
in November-December 2015. We also noticed that during recent years there are already
several papers on the study of geometry on weighted Riemannian manifolds withm-Bakry-
Émery Ricci curvature for m < 0 or m < 1. For example, Ohta and Takatsu [40] proved
the K-displacement convexity of the Rényi type entropy under the m-Bakry-Émery Ricci
tensor condition Ricm,n(L) ≥ K, for m ∈]−∞, 0 [∪ [n,+∞ [ and K ∈ R; Ohta [39] and
Kolesnikov-Milman [28] simultaneously treated the case m < 0; Ohta [39] extended the
Bochner inequality, eigenvalue estimates, and the Brunn-Minkowski inequality under the
lower bound for Ricm,n(L) with m < 0; Kolesnikov-Milman [28] also proved the Poincaré
and the Brunn-Minkowski inequalities for manifolds with boundary under the lower bound
for Ricm,n(L) with m < 0; Ohta [39, Theorem 4.10] also proved that the lower bound
of Ricm,n(L)(x) with m < 0 is equivalent to the curvature dimension condition in terms
of mass transport theory as defined by Lott-Villani [37] and Sturm [48, 49]. In an very
interesting paper [58], Wylie proved a generalization of the Cheeger-Gromoll splitting
theorem under the CD(0, 1)-condition. In [59], W. Wylie and D. Yeroshkin proved a
Bishop-Gromov volume comparison theorem, a Laplacian comparison theorem, Myers’
theorem and Cheng’s maximal diameter theorem on manifolds with m-Bakry-Émery Ricci
curvature condition for m = 1. Recently, Milman [38] extended the Heintze-Karcher
Theorem, isoperimetric inequality, and functional inequalities under the lower bound for
Ricm,n(L)(x) with m < 1.
It is important to know whether one can establish the Laplacian comparison theo-
rem and to develop geometric and stochastic analysis on weighted complete Riemannian
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manifolds with Ricm,n(L) ≥ K for m ≤ 1 and K ∈ R or K being a suitable function on
M . In this paper, we prove such a new Laplacian comparison theorem for m < 1 and
for K being a function depending on a distance function on M . As consequences, we
give the optimal conditions on the m-Bakry-Émery Ricci tensor for m ≤ 1 so that the
Bishop-Gromov volume comparison theorem, Ambrose-Myers’ theorem, Myers’ theorem,
and the Cheeger-Gromoll type splitting theorem hold on weighted complete Riemannian
manifolds. Moreover, we use the new Laplacian comparison theorem to establish the
stochastic completeness and the Feller property for the L-diffusion processes on complete
Riemannian manifolds with the optimal geometric condition on Ricm,n(L) ≥ K for m ≤ 1
and K ∈ R or K being a suitable function on M . As far as we know, when m < 1, our
results are new in the literature.
Finally, to end this Introduction, we would like to point out that, once the new Lapla-
cian comparison theorem is established, it will be possible to develop further study of geo-
metric analysis on weighted complete Riemannian manifolds with the CD(K,m)-condition
for m ≤ 1 and K ∈ R. In a joint project with Songzi Li, we will study the gradient esti-
mates and Liouville theorems for L-harmonic functions and the Li-Yau Harnack inequality
for positive solutions to the heat equation ∂tu = Lu on weighted complete Riemannian
manifolds the CD(K,m)-condition for m ≤ 1 or m ≤ 0 and K ∈ R.
2 Main result
Let (M, g) be an n-dimensional smooth complete Riemannian manifold, and φ ∈ C2(M)
a potential function. Throughout this paper, we assume that the manifold M has no
boundary. We consider a diffusion operator L := ∆ − ∇φ · ∇, which is symmetric with
respect to the invariant measure µ(dx) = e−φ(x)m(dx), where m := volg is the volume
element of (M, g). In [33, 35], L is called the Witten Laplacian on (M, g, φ).
For any constant m ∈]−∞,+∞], we introduce the symmetric 2-tensor
Ricm,n(L)(x) = Ric(x) +∇2φ(x)− ∇φ(x)⊗∇φ(x)
m− n , x ∈M,
and call it the m-Bakry-Émery Ricci curvature of the diffusion operator L. For any
m ∈]−∞,+∞] and a continuos function K : M → R, we call (M, g, φ) or L satisfies the
CD(K,m)-condition if
Ricm,n(L)(x) ≥ K(x) for all x ∈M.
When m = n, we always assume that φ is a constant so that Ricn,n(L) = Ric. When
m ≥ n, m is regarded as an upper bound of the dimension of the diffusion operator L.
Throughout this paper, we focus on the case m ≤ 1 and assume n > 1 if m = 1 and φ is
not a constant (i.e., φ is a constant and L = ∆ if m = n = 1).
For two points p, q ∈M , the “re-parametrized distance” between p and q is defined to
be
s(p, q) := inf
{∫ rp(q)
0
e−2
φ(γt)
n−m dt
∣∣∣∣∣ γ : unit speed geodesic, γ(0) = p, γ(rp(q)) = q
}
.
(2.1)
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If (M, g) is complete, then s(p, q) is finite and well-defined from the basic properties of
Riemannian geodesics. Let sp(·) := s(p, ·). If q is not a cut point of p, then there is a
unique minimal geodesic from p to q and sp is smooth in a neighborhood of q as can be
computed by pulling the function back by the exponential map at p. Note that s(p, q) ≥ 0,
it is zero if and only if p = q, and s(p, q) = s(q, p) holds. However, s(p, q) does not define
a distance since it does not satisfy the triangle inequality.
Definition 2.1 Let (M, g) be an n-dimensional complete Riemannian manifold and φ ∈
C2(M). Fix p ∈M . Then we say that (M, g, φ) is (φ,m)-complete at p if
lim
r→+∞
inf
L(γ)=r
∫ r
0
e−2
φ(γt)
n−m dt = +∞, (2.2)
where the infimum is taken over all minimizing unit speed geodesics γ with respect to
the metric g such that γ(0) = p. We say that (M, g, φ) is (φ,m)-complete if it is (φ,m)-
complete at all p ∈M .
Remark 2.2 (i) If φ is upper bounded, then (M, g, φ) is (φ,m)-complete. In particu-
lar, if M is compact, then (M, g, φ) is (φ,m)-complete.
(ii) The (φ, 1)-completeness defined in [58, Definition 6.2] implies the (φ,m)-completeness
provided φ is non-negative. The converse also holds under the non-positivity of φ.
Lemma 2.3 Let (M, g) be an n-dimensional complete Riemannian manifold and φ ∈
C2(M). Fix p ∈M and suppose that (2.2) holds. Then, for any sequence {qi} in M such
that d(p, qi)→ +∞ as i→ +∞, s(p, qi)→ +∞ as i→ +∞.
Proof. The proof is similar to that of [59, Proposition 3.4]. We omit it. 
2.1 Laplacian Comparison
Let κ : [0,+∞[→ R be a continuous function and aκ the unique solution defined on the
maximal interval ]0, δκ[ for δκ ∈]0,+∞] of the following Riccati equation
−daκ
ds
(s) = κ(s) + aκ(s)
2 (2.3)
with the boundary conditions
lim
s↓0
s aκ(s) = 1, (2.4)
and
lim
s↑δκ
(s− δκ) aκ(s) = 1 (2.5)
under δκ <∞. (2.4) yields
lim
s↓0
aκ(s) = +∞. (2.6)
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If δκ <∞, from (2.5), δκ is the explosion time of aκ in the sense that
lim
s↑δκ
aκ(s) = −∞. (2.7)
In fact, aκ is given by aκ(s) = s′κ(s)/sκ(s), where sκ is a unique solution of Jacobi equation
s′′κ(s) + κ(s)sκ(s) = 0 with sκ(0) = 0, s
′
κ(0) = 1, and δκ = inf{s > 0 | sκ(s) = 0}. We
write aκ(s) = cotκ(s). We can deduce sκ(δκ) = 0 and s′κ(δκ) < 0, hence cotκ(δκ) = −∞
provided δκ <∞. If κ is a real constant, then
cotκ(s) =

√
κ cot(
√
κs) κ > 0,
1/s κ = 0,√−κ coth(√−κs) κ < 0
and δκ = π/
√
κ+ ≤ +∞. Fix m ∈]−∞, 1 ] and set mκ(s) := (n−m) cotκ(s). Then (2.3)
is equivalent to
−dmκ
ds
(s) = (n−m)κ(s) + mκ(s)
2
n−m , (2.8)
and (2.4) (resp. (2.5)) is equivalent to lims↓0 smκ(s) = n−m (resp. lims↑δκ(s−δκ)mκ(s) =
n −m under δκ < ∞). In view of the uniqueness of the solution to (2.3) with (2.6), we
have the scaling property mκα(s) =
1
α
mα2κ(s) for α > 0. Here κα(s) := κ(s/α). In
particular, mκ(s) = 1αmα2κ(s) for α > 0 provided κ is a constant.
Our first result is the following Laplacian comparison theorem on weighted complete
Riemannian manifolds having lower bound K(x) = (n−m)κ(sp(x))e−
4φ(x)
n−m for m-Bakry-
Émery Ricci tensor Ricm,n(L)x on the direction ∇rp with m ≤ 1.
Theorem 2.4 (Laplacian Comparison Theorem) Suppose that (M, g) is an n-dimen-
sional complete smooth Riemannian manifold and φ ∈ C2(M). Fix x, p ∈ M . Take
R ∈]0,+∞]. Suppose that
Ricm,n(L)x(∇rp,∇rp) ≥ (n−m)κ(sp(x))e−
4φ(x)
n−m (2.9)
holds under rp(x) < R with x ∈ (Cut(p) ∪ {p})c. Then
(Lrp)(x) ≤ e−
2φ(x)
n−mmκ(sp(x)) (2.10)
holds if x ∈ {rp < R, sp < δκ} \ (Cut(p) ∪ {p}). Moreover, under the (φ,m)-completeness
of (M, g, φ) at p, (2.10) holds if x ∈ {rp < R} \ (Cut(p) ∪ {p}).
Remark 2.5 The sufficient condition (2.9) under rp(x) < R with x ∈ (Cut(p)∪{p})c for
our Laplacian comparison theorem is weaker than the condition:
Ricm,n(L)(x) ≥ (n−m)κ(sp(x))e−
4φ(x)
n−m (2.11)
under rp(x) < R, because ∇rp(x) is defined only for x /∈ Cut(p) ∪ {p}. In particular,
CD(K,m)-condition for K(x) = (n − m)κ(sp(x))e−
4φ(x)
n−m always implies that (2.9) holds
for all x ∈ (Cut(p) ∪ {p})c.
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Remark 2.6 The inequality (2.10) is meaningful at x = p, because mκ(0+) = +∞ and
Lrp(p) = ∆rp(p) = +∞. Moreover, the following inequality
rp(x)(Lrp)(x) ≤ e−
2φ(x)
n−m rp(x)mκ(sp(x)) (2.12)
is also meaningful at x = p. Indeed, the right hand side has the value n − m at x = p
and the left hand side has the value n − 1 at x = p in view of the local version of
classical Laplacian comparison theorem for∆ under the local boundedness of the sectional
curvature (see [23, Theorem 3.4.2]).
2.2 Geometric consequences
Theorem 2.7 (Weighted Myers’ Theorem) Let (M, g) be an n-dimensional complete
Riemannian manifold and a function φ ∈ C2(M). Fix p ∈ M . Assume that (2.9) holds
for all x ∈ (Cut(p) ∪ {p})c and δκ <∞. Then s(p, q) ≤ δκ for all q ∈M .
If we additionally assume the (φ,m)-completeness or upper boundedness of φ, we
obtain the following natural corollary.
Corollary 2.8 Let (M, g) be an n-dimensional complete Riemannian manifold and a
function φ ∈ C2(M). Fix p ∈ M . Assume that (2.9) holds for all x ∈ (Cut(p) ∪ {p})c,
δκ <∞, and (M, g, φ) is (φ,m)-complete at p. Then M is compact.
Remark 2.9 (i) Theorem 2.7 (resp. Corollary 2.8) generalizes [59, Theorem 2.2] (resp.
[59, Corollary 2.3]).
(ii) Since upper boundedness of φ implies the (φ,m)-completeness, Corollary 2.8 implies
the compactness of M if δκ < ∞, (2.9) holds for all x /∈ (Cut(p) ∪ {p})c, and φ is
upper bounded.
Based on Theorems 2.4 and 2.7, we can deduce several geometric fruitful results. Next
we will give two versions of the Bishop-Gromov type volume comparison. The first one
is for µ(A) =
∫
A
e−φ(x)m(dx) of metric annuli A(p, r0, r1) := {x ∈ M | r0 ≤ rp(x) ≤ r1}.
The comparison in this case will be in terms of the quantities
νp(κ, r0, r1) :=
∫ r1
r0
∫
Sn−1
sn−mκ
(
e−
2φ
p
(r)
n−m r
)
drdθ, νp(κ, r1) := νp(κ, 0, r1), (2.13)
νp(κ, r0, r1) :=
∫ r1
r0
∫
Sn−1
sn−mκ
(
e−
2φp(r)
n−m r
)
drdθ, νp(κ, r1) := νp(κ, 0, r1), (2.14)
νp(κ, r0, r1) :=
∫ r1
r0
∫
Sn−1
sn−mκ (sp(r, θ))drdθ, νp(κ, r1) := νp(κ, 0, r1) (2.15)
under sp(r1, θ) ≤ δκ. Here
sp(r, θ) :=
∫ r
0
e−
2φ(γt)
n−m dt
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with θ = γ˙0. If φ is rotationally symmetric around p, i.e., if there exists a C2-function
φ¯ on [0,+∞[ such that φ(x) = φ¯(rp(x)), then sp(r, θ) is independent of θ ∈ Sn−1. The
second one is for ν(A) :=
∫
A
e−
2φ(x)
n−m µ(dx) =
∫
A
e−
n−m+2
n−m
φ(x)
m(dx) of the sets C(p, s0, s1) :=
{x ∈ M | s0 ≤ sp(x) ≤ s1} and Cs(p) := C(p, 0, s). The set C(p, s0, s1) also depends on
sp and is quite different from annuli. The comparison in this case will be in terms of the
quantities
v(κ, s0, s1) :=
∫ s1
s0
∫
Sn−1
sn−mκ (s)dsdθ and v(κ, s1) := v(κ, 0, s1) (2.16)
under s1 ≤ δκ. When m ∈]−∞, 1] is an integer and κ is a constant, (2.16) is the volume
of annuli in the simply connected space form of constant curvature κ and dimension
n−m+ 1.
Theorem 2.10 (Bishop-Gromov Volume Comparison) Fix p ∈ M . Suppose that
(M, g) is an n-dimensional complete smooth Riemannian manifold and a function φ ∈
C2(M). Let κ : [0,+∞[→ R be a continuous function. Assume that (2.9) holds for all
x ∈ (Cut(p) ∪ {p})c. Then we have the following:
(i) Suppose that 0 ≤ r0 < ra ≤ r1 and 0 ≤ r0 ≤ rb < r1. Then
µ(A(p, rb, r1))
µ(A(p, r0, ra))
≤ νp(κ, rb, r1)
νp(κ, r0, ra)
(2.17)
holds. Assume further that φ is rotationally symmetric around p. Then
µ(A(p, rb, r1))
µ(A(p, r0, ra))
≤ νp(κ, rb, r1)
νp(κ, r0, ra)
(2.18)
holds, in particular, the function
r 7→ µ(Br(p))
νp(κ, r)
(2.19)
is non-increasing.
(ii) Suppose that 0 ≤ s0 < sa ≤ s1 and 0 ≤ s0 ≤ sb < s1. Then
ν(C(p, sb, s1))
ν(C(p, s0, sa))
≤ v(κ, sb, s1)
v(κ, s0, sa)
(2.20)
holds. In particular, the function
s 7→ ν(Cs(p))
v(κ, s)
(2.21)
is non-increasing.
Remark 2.11 (2.19) (resp. (2.21)) may not be bounded as r → 0 (resp. s → 0) unless
m = 1. Note that the Bishop type inequality holds only form = 1 (see [59, Corollary 4.6]).
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Theorem 2.12 (Ambrose-Myers’ Theorem) Let (M, g) be an n-dimensional com-
plete Riemannian manifold and a function φ ∈ C2(M). Fix p ∈M . Assume that (M, g, φ)
is (φ,m)-complete at p. Suppose that there exists a unit speed geodesic γ with γ0 = p sat-
isfying ∫ ∞
0
e
2φ(γt)
n−m Ricm,n(L)(γ˙t, γ˙t)dt = +∞. (2.22)
Then M is compact.
Corollary 2.13 Let (M, g) be an n-dimensional complete Riemannian manifold and a
function φ ∈ C2(M). Fix p ∈M . Assume that (M, g, φ) is (φ,m)-complete at p. Suppose
that CD(K,m)-condition holds for K(x) = (n−m)κe− 4φ(x)n−m with a constant κ > 0. Then
M is compact.
Remark 2.14 (i) Theorem 2.12 is a version of Ambrose’s Theorem ([1]). Here Am-
brose’s Theorem states that if for any geodesic γ emanating from a point p ∈ M ,∫ ∞
0
Ric(γ˙t, γ˙t)dt = +∞,
then M is compact. Cavalcante-Oliveira-Santos [12] also proved the following dif-
ferent version of Ambrose’s Theorem (see [12, Theorem 2.1]): Suppose that every
geodesic γ emanating from p satisfies∫ ∞
0
Ricm,n(L)(γ˙t, γ˙t)dt = +∞
under m > n. Then M is compact. Tadano [51, Theorem 14] extends [12, The-
orem 2.1] for V -Laplacian ∆ − 〈V,∇·〉 with modified Ricci tensor RicmV := Ric +
1
2
LV − V ∗⊗V ∗m−n under m > n. Our Theorem 2.12 is different from the above mentioned
results. Tadano also proves a version of Ambrose’s Theorem for Witten Laplacian
L with 1-Bakry-Émery Ricci tensor Ric1,n(L) under the boundedness of φ (see [52]).
The condition in Theorem 2.12 is milder than the one in Ambrose’s Theorem proved
in [52].
(ii) Since Ric1,n(L)(x) ≥ Ricm,n(L)(x) ≥ Ric∞,n(L)(x) for m ≤ 1, Corollary 2.13 par-
tially improves Wei-Wylie [56, Theorem 1.4] and Wylie [57, Theorem 1.6], where the
boundedness of φ is assumed instead of the (φ,m)-completeness.
Theorem 2.15 (Cheeger-Gromoll Splitting Theorem) Let (M, g) be an n-dimen-
sional complete Riemannian manifold and a function φ ∈ C2(M). Suppose that (M, g, φ)
is (φ,m)-complete and M contains a line. Then under CD(0, m)-condition with m < 1,
M is isometric to R× L and φ is a function on L only.
The following is proved in [58, Corollary 1.3].
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Corollary 2.16 (Corollary 1.3 in [58]) Let (M, g) be an n-dimensional complete Rie-
mannian manifold and φ ∈ C2(M). Suppose that φ is upper bounded and M contains a
line. Then under CD(0, m)-condition with m < 1, we have that M is isometric to R× L
and φ is a function on L only.
Remark 2.17 Theorem 2.15 partially extends Corollary 6.7 in [58] for a restricted case,
where CD(0, m)-condition for m < 1 and (φ, 1)-completeness of (M, g, φ) are assumed in
order to prove the isometric splitting M = R×L. Note that the (φ,m)-completeness does
not necessarily mean the (φ, 1)-completeness, and it is weaker than (φ, 1)-completeness
provided φ is non-negative.
2.3 Probabilistic consequences
For a fixed p ∈ M , we set φ
p
(r) := infBr(p) φ and φp(r) := supBr(p) φ for r > 0. Then
φ
p
(r) ≤ φ(p) ≤ φp(r) and limr→0 φp(r) = limr→0 φp(r) = φ(p). It is easy to see that for
any y ∈M with d(p, y) ≤ d(x, p)
φ
p
(rp(x)) ≤ φ(y) ≤ φp(rp(x)),
and for each s > 0
φ
p
(r + s) ≤ φ
q
(r) ≤ φq(r) ≤ φp(r + s) for any q ∈M with d(p, q) ≤ s. (2.23)
By (2.1), we see
e−
2φp(rp(x))
n−m rp(x) ≤ sp(x) ≤ e−
2φ
p
(rp(x))
n−m rp(x). (2.24)
Let K(r) be a non-negative continuous non-decreasing function on [0,+∞[. We con-
sider the following two conditions:
K(p) :
∫ ∞
r0
dr√
K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m
= +∞ for some r0 > 0. (2.25)
K(p) :
∫ ∞
r0
dr√
K
(
e−
2φ
p
(r)
n−m r
)
e
2(φp(r)−φp
(r))
n−m
= +∞ for some r0 > 0. (2.26)
Remark 2.18 (i) Since φ
p
(r) ≤ φ(p), (2.25) always implies (1.2). The converse holds
provided φ is lower bounded.
(ii) Since φp(r) ≥ φ(p), (2.26) always implies (2.25). The converse holds provided φ is
upper bounded.
Proposition 2.19 The conditionsK(p) and K(p) are independent of the choice of p ∈M
respectively.
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Proof. Suppose that K(p) holds. Take another point q ∈M and s > 0 with d(p, q) ≤ s.
Then φ
p
(r + s) ≤ φ
q
(r). We may assume r0 > s. Then∫ ∞
r0−s
dr√
K
(
e−
2φ
q
(r)
n−m r
)
e−
2φ
q
(r)
n−m
≥
∫ ∞
r0−s
dr√
K
(
e−
2φ
p
(r+s)
n−m (r + s)
)
e−
2φ
p
(r+s)
n−m
=
∫ ∞
r0
dr√
K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m
= +∞.
Therefore K(q) holds. The proof of the independence of p ∈M for K(p) is similar. 
Theorem 2.20 (Conservativeness of L-diffusion) Fix p ∈ M . Let (M, g) be an n-
dimensional complete Riemannian manifold without boundary and a function φ ∈ C2(M).
Let K(r) be a non-negative continuous non-decreasing function on [0,+∞[. Assume that
Ricm,n(L)(x) ≥ −K(sp(x))e−
4φ(x)
n−m for any x ∈M (2.27)
holds. Suppose one of the following:
(i) K 6≡ 0 satisfies K(p).
(ii) K ≡ 0 and ∫ ∞
r0
exp
(
2φ
p
(r)
n−m
)
dr = +∞ for some r0 > 0. (2.28)
Then the heat semigroup Pt = etL is conservative, i.e.,
Pt1(x) = 1, t > 0, x ∈M.
Equivalently, there exists some λ0 > 0 such that for all λ ≥ λ0, every non-negative
bounded solution of (L − λ)u = 0 must be identically zero. Moreover, under (ii), if we
assume n ≤ m + 1 and the lower boundedness of φ, then the heat semigroup Pt = etL is
recurrent, i.e., any bounded L-subharmonic function is constant.
Theorem 2.21 (Feller Property of L-diffusion) Fix p ∈ M . Let (M, g) be an n-
dimensional complete Riemannian manifold without boundary and a function φ ∈ C2(M).
Let K(r) be a non-negative continuous non-decreasing function on [0,+∞[. Assume that
Ricm,n(L)(z) ≥ −K(sq(z))e−
4φ(z)
n−m for any z, q ∈M (2.29)
holds. Suppose one of the following:
(i) K 6≡ 0 satisfies K(p).
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(ii) K ≡ 0 and∫ ∞
r0
exp
(
−
2φp(r)− 2φp(r)
n−m
)
dr = +∞ for some r0 > 0. (2.30)
Then the heat semigroup Pt = etL has the Feller property, that is, C∞(M) is stable under
Pt = e
tL for all t > 0. Equivalently, for any λ > 0 and any compact subset K ⊂ M , the
minimal positive solution of (L−λ)u = 0 on M \K with the Dirichlet boundary condition
u ≡ 1 on ∂K must be zero at infinity.
Remark 2.22 (i) Since φp(r) ≥ φ(p), (2.30) always implies (2.28). The converse holds
provided φ is upper bounded. If
lim
r→∞
φ
p
(r)
log r
> −∞, (2.31)
then (2.28) is satisfied.
(ii) As proved in Proposition 2.19, (2.28) and (2.30) are independent of the choice of
p ∈M respectively.
(iii) When K ≡ K > 0, (2.25) (resp. (2.26)) is equivalent to (2.28) (resp. (2.30)).
Example 2.23 Take ε ∈ [0, 1] and δ ∈ [ 2ε
1+ε
, 1]. Let K be a positive constant and set
K(r) = Kr2(1−δ). Then (1.2) always holds. We set a non-positive C2-function φ(x) =
− (n−m)ε
4
log(1 + r2p(x)). Then 0 ≥ φp(r) ≥ φp(r) ≥ −
(n−m)ε
4
log(1 + r2), hence (2.28)
and (2.30) hold. Hence, (2.25) and (2.26) also hold in view of Remark 2.22(ii). In
particular, the case for ε = δ = 1 tells us the following: If Ricm,n(L)(x) ≥ −Ke−
4φ(x)
n−m =
−K(1 + rp(x)2) holds for all x ∈ M under m ∈]−∞, 1], then (2.29) holds, consequently
the heat semigroup Pt = etL is conservative and has the Feller property.
Example 2.24 We consider the case (M, g) = (Rn, gEuc). In this case, Ricm,n(L) =
(n−m)e− φn−mHess
(
e
φ
n−m
)
. Let K be a non-negative constant. We consider the following
condition:
(A) Hess
(
e
φ
n−m
)
+ K
n−m
e−
3φ
n−mEn ≥ O.
Here En (resp. O) denotes the (n, n)-identity (resp. (n, n)-zero) matrix. Under (A), we
have Ricm,n(L) ≥ −Ke−
4φ
n−m on Rn, that is, (2.29) is satisfied. In this case, (2.28), (2.30)
and (2.31) are satisfied for φ(x) = −n−m
4
log(1 + |x − p|2) with some p ∈ Rn. So (2.25)
and (2.26) are satisfied for such φ and K ≡ K > 0. Let us consider the case K = 0.
Then the heat semigroup Pt = etL is conservative and has the Feller property under the
convexity of e
φ
n−m with m ≤ 1. In particular, the convexity of φ also yields the same
conclusion, because Hess(φ) ≥ 0 implies Hess(φ) ≥ ∇φ⊗∇φ
m−n
under m ≤ 1, which means
Hess
(
e
φ
n−m
)
≥ 0. Now we consider the case K > 0. The assumption (A) is satisfied
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for φ(x) := −n−m
4
log(1 + |x|2) provided K ≥ n−m
2
. Indeed, f(x) := e
φ(x)
n−m = (1 + |x|2)− 14
implies
Hess f(x) +
K
n−mf
−3(x)En
≥ Hess f(x) + K
n−mf(x)En
= (1 + |x|2)− 94
(
5
4
xixj − 1
2
(1 + |x|2)δij + K
n−m(1 + |x|
2)2δij
)
ij
≥ 5
4
(1 + |x|2)− 94 (xixj)ij ≥ O
under K ≥ n−m
2
. Therefore (2.29) holds under K ≥ n−m
2
. Moreover, φ satisfies K(0).
Hence the heat semigroup Pt = etL is conservative and has the Feller property under
K ≥ n−m
2
with m < 1 for φ(x) = −n−m
4
log(1 + |x|2).
3 Proof of Theorem 2.4
3.1 Volume element comparison
Let p ∈ M and let (r, θ), r > 0, θ ∈ Sn−1 be exponential polar coordinates (for the
metric g) around p which are defined on a maximal star shaped domain in TpM called
the segment domain. Write the volume element dm = J(r, θ)dr ∧ dθ.
Let sp(·) be the re-parametrized distance function defined above. Inside the segment
domain, sp has the simple formula
sp(r, θ) =
∫ r
0
e−
2φ(t,θ)
n−m dt.
Therefore, s is a smooth function in the segment domain with the property that ∂s
∂r
=
e−
2φ
n−m . We can then also take (r, θ) to be coordinates which are also valid for the entire
segment theorem. We can not control the derivative of s in directions tangent to the
sphere, so the new (s, θ) coordinates are not orthogonal as in the case for geodesic polar
coordinates. However, this is not the issue when we computing volumes as
e−
2φ
n−mdµ = e−
n−m+2
n−m
φJ(r, θ)dr ∧ dθ
= e−φJ(r, θ)ds ∧ dθ. (3.1)
In geodesic polar coordinates d
ds
has the expression d
ds
= e
2φ
n−m ∂
∂r
. Note that it is not the
same as ∂
∂s
in (s, θ) coordinates.
Recall that for a Riemannian manifold d
dr
log J(r, θ) = ∆rp, where ∆rp is the standard
Laplacian acting on the distance function rp from the point p. (3.1) indicates we should
consider the quantity
d
ds
log(e−φJ(r, θ)) = e
2φ
n−m (∆rp − 〈∇φ,∇rp〉) . (3.2)
We thus recover the Witten Laplacian Lu := ∆u − ∇φ · ∇u. Letting λ = e 2φn−mLrp, we
find that λ satisfies the Riccati differential inequality in terms of the parameter s.
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Lemma 3.1 Let γ be a unit speed minimal geodesic with γ0 = p and γ˙0 = θ. Let s be the
parameter ds = e
−2φ(γr)
n−m dr and let λ(r, θ) = (e
2φ
n−mLrp)(r, θ). Then
dλ
ds
≤ − λ
2
n−m − e
4φ(γr)
n−m Ricm,n(L) (γ˙r, γ˙r) (3.3)
in particular,
dλ
dr
≤ −e−2φ(γr)n−m λ
2
n−m − e
2φ(γr)
n−m Ricm,n(L) (γ˙r, γ˙r) (3.4)
holds for x = (r, θ) /∈ Cut(p) ∪ {p}.
Proof. We modify the proof of the Bakry-Qian Laplacian comparison theorem given in
Section 10 of [32]. Choosing the normal polar coordinate system (r, θ) at p ∈ M , where
r > 0 and θ ∈ Sn−1. Let Jφ = e−φ
√
detg. Denote ′ = ∂
∂r
and ′′ = ∂
2
∂r2
. In p. 1355 (see line
5 from the bottom) in [32], the following identity has been proved
J ′′φ
Jφ
= −
∑
i,j
h2ij − Ric∞,n(L)
(
∂
∂r
,
∂
∂r
)
+ (H − φ′)2, (3.5)
where hij denotes the second fundamental form of ∂Br(p) at x = (r, θ) with respect to
the unit normal vector ∂
∂r
, and H =
∑
i
hii.
Let u =
J ′
φ
Jφ
. By (9.53) in p. 1353 in [32], we have
u = Lr = ∆r − φ′ = H − φ′. (3.6)
Combining (3.5) and (3.6), we have
u′ = −
∑
i,j
h2ij − Ric∞,n(L)
(
∂
∂r
,
∂
∂r
)
. (3.7)
Notice that
∑
i,j
h2ij ≥
∑
i
h2ii ≥
(
n−1∑
i=1
hii
)2
n− 1 =
H2
n− 1 =
(∆r)2
n− 1 .
Therefore we have the following inequality
d
dr
Lr ≤ −(∆r)
2
n− 1 − Ric∞,n(L)
(
∂
∂r
,
∂
∂r
)
. (3.8)
Now for m < 1, from (3.8), we have
d
dr
Lr ≤ − (∆r)
2
n−m − Ric∞,n(L)
(
∂
∂r
,
∂
∂r
)
. (3.9)
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This gives us the following inequality along γ,
d
dr
(Lrp)(r, θ) ≤ −(∆rp(r, θ))
2
n−m − Ricm,n(L) (γ˙r, γ˙r) +
1
n−m |〈∇φ,∇rp〉(r, θ)|
2. (3.10)
From this, we have
dλ
ds
= e
2φ(r,θ)
n−m dλ
dr
= e
2φ(r,θ)
n−m
{(
d
dr
e
2φ(r,θ)
n−m
)
Lrp(r, θ) + e
2φ(r,θ)
n−m d
dr
Lrp(r, θ)
}
= e
2φ(r,θ)
n−m
{
e
2φ(r,θ)
n−m 2
n−m
· ∂φ(r,θ)
∂r
· Lrp(r, θ) + e
2φ(r,θ)
n−m d
dr
Lrp(r, θ)
}
= e
4φ(r,θ)
n−m
{
2
n−m
· ∂φ(r,θ)
∂r
· Lrp(r, θ) + ddrLrp(r, θ)
}
≤ 1
n−m
e
4φ(r,θ)
n−m
{
2∂φ(r,θ)
∂r
Lrp(r, θ)− (∆rp(r, θ))2 + |〈∇φ,∇rp〉(r, θ)|2
}
−e 4φ(r,θ)n−m Ricm,n(L) (γ˙r, γ˙r)
= − 1
n−m
e
4φ(r,θ)
n−m (Lrp(r, θ))
2 − e 4φ(r,θ)n−m Ricm,n(L) (γ˙r, γ˙r)
= − 1
n−m
(
e
2φ(r,θ)
n−m Lrp(r, θ)
)2
− e 4φ(r,θ)n−m Ricm,n(L) (γ˙r, γ˙r)
= − λ2
n−m
− e 4φ(r,θ)n−m Ricm,n(L) (γ˙r, γ˙r) .
Here we use (3.10) at the inequality above and use Lrp = ∆rp − 〈∇φ,∇rp〉 in the next
equality. 
Remark 3.2 Indeed, a variant of the inequality (3.8) has been obtained in [32]. In the
first line of p.1356 in [32], it was proved that for any m > n, it holds
J ′′φ
Jφ
≤ −Ricm,n(L)
(
∂
∂r
,
∂
∂r
)
+
m− n− 1
m− n φ
′2 +
n− 2
n− 1H
2 − 2Hφ′. (3.11)
Taking m → ∞ in (3.11), we obtain (3.8). In [59], Wylie and Yeroshkin proved (3.8) by
a different argument and used it to prove a Laplacian comparison theorem for m = 1 in
terms of conformal changing the metric. Lemma 3.1 and Theorem 2.4 extend Wylie and
Yeroshkin’s Laplacian comparison theorem to the case m < 1.
Let κ be a continuous function on [0,+∞[ with respect to the parameter s. Assuming
the curvature bound Ricm,n(L)x(∇rp,∇rp) ≥ (n −m)κ(sp(x))e−
4φ(x)
n−m for sp(x) < S with
x /∈ Cut(p) ∪ {p}, we see Ricm,n(L)(γ˙r, γ˙r) ≥ (n−m)κ(s)e−
4φ(γr)
n−m for s = s(r, θ) < S with
0 < r < d(p,Cut(p)). From (3.3) we have the usual Riccati inequality
−dλ
ds
(s) ≥ (n−m)κ(s) + λ(s)
2
n−m for s ∈]0, S[ (3.12)
with the caveat that it is in terms of the parameter s instead of r. This gives us the
following comparison estimate.
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Lemma 3.3 Suppose that (M, g) be an n-dimensional complete Riemannian manifold
and a function φ ∈ C2(M). Fix R ∈]0,+∞[ and x, p ∈ M . Assume that (2.9) holds for
rp(x) < R with x /∈ Cut(p) ∪ {p}. Let γ, s, and λ be as in Lemma 3.1. Then
λ(r, θ) ≤ mκ(s) (3.13)
holds for r < R and s < δκ and x = (r, θ) /∈ Cut(p) ∪ {p}. Here s = s(r) =∫ r
0
exp
(
−2φ(γt)
n−m
)
dt.
Proof. Set S := s(R). Then r < R implies s < S. Since ∆rp(r, θ) → +∞ as r → 0, we
see λ(r, θ) → +∞ as r → 0 or s → 0. We set β(s) := s2κ(s)(λ −mκ(s)). Then, by (2.8)
and (3.12), for s < S
β ′(s) = 2s′κ(s)sκ(s)(λ−mκ(s)) + s2κ(s)
(
dλ
ds
−m′κ(s)
)
= 2s2κ(s) cotκ(s)(λ−mκ(s)) + s2κ(s)
(
dλ
ds
+ (n−m)κ(s) + m
2
κ(s)
n−m
)
≤ s
2
κ(s)
n−m
(
2mκ(s)λ− 2m2κ(s)
)
+
s2κ(s)
n−m
(
m2κ(s)− λ2
)
= − s
2
κ(s)
n−m (λ−mκ(s))
2 ≤ 0.
If we show β(0) = 0, then β(s) ≤ β(0) = 0. For this, it suffices to prove that s(λ−mκ(s))
converges as s → 0. We already know that lims→0 smκ(s) = n − m and the ratio
s/r = s(r)/r converges to e−
2φ(p)
n−m as r → 0. So it suffices to prove limr→0 s(r)λ(r, θ) = n−1
as r → 0, equivalently limr→0 r∆rp(r, θ) = n − 1, because limr→0 r〈∇φ,∇rp〉(r, θ) = 0.
In view of the usual Laplacian comparison theorem for the Laplace-Bertrami operator ∆
under the upper (resp. lower) bound Kε (resp. κε) of sectional curvature on Bε(p), we
see (n − 1) cotKε(r) ≤ ∆rp(r, θ) ≤ (n − 1) cotκε(r) for r < ε. This implies the desired
assertion. 
Corollary 3.4 Let (M, g) be an n-dimensional complete Riemannian manifold and φ ∈
C2(M). Fix p ∈ M and R > 0. Assume that (2.9) holds for rp(x) < R with x /∈
Cut(p) ∪ {p}. Suppose that (M, g, φ) is (φ,m)-complete at p. Then sp(x) < δκ always
holds for x /∈ Cut(p) ∪ {p}, equivalently, δκ ≤ sp(x) implies x ∈ Cut(p).
Proof. Suppose that (M, g, φ) is (φ,m)-complete at p. We may assume δκ < ∞. Take
x ∈ BR(p) with x /∈ Cut(p) ∪ {p} and set R∗ := R ∧ d(p,Cut(p)). Let x = (r, θ) be
the polar coordinate expression around p and set s := s(r) =
∫ s
0
exp
(
−2φ(γt)
n−m
)
dt and
S = s(R∗), where γ is a unit speed geodesic with γ0 = p and γ˙0 = θ. We see sp(x) < S.
Assume S > δκ. The (φ,m)-completeness of (M, g, φ) at p implies
lim
t→∞
∫ r
0
exp
(
−2φ(γt)
n−m
)
dt = +∞.
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This yields that there exists r0 ∈]0, R∗[ such that δκ =
∫ r0
0
exp
(
−2φ(γt)
n−m
)
dt. By (3.13),
λ(r, θ) ≤ (n −m) cotκ(s) holds for s < δκ. Since r ↑ r0 is equivalent to s = s(r) ↑ δκ, we
have
λ(r0, θ) = lim
r↑r0
λ(r, θ) ≤ lim
r↑r0
(n−m) cotκ(s(r)) = −∞.
This contradicts the well-definedness of λ(r, θ) = (e
2φ
n−mLrp)(r, θ) for r ∈]0, R∗[. Therefore
S ≤ δκ under δκ <∞ and we obtain the conclusion sp(x) < S ≤ δκ. 
Proof of Theorem 2.4. The implication (2.9)=⇒(2.10) for R < ∞ follows from
Lemma 3.3, because rp is smooth on M \ (Cut(p) ∪ {p}). The implication (2.9)=⇒(2.10)
for R = +∞ follows from it. The latter assertion follows from Corollary 3.4. 
4 Proofs of Theorem 2.7 and Corollary 2.8
Proof of Theorem 2.7. Suppose that there exist points p, q ∈M such that s(p, q) > δκ.
Since Cut(p) is closed and measure zero, we may assume q /∈ Cut(p). By Lemma 3.3,
along minimal geodesic from p to q, λ(r, θ) ≤ (n − m) cotκ(s). However, as s → δκ,
cotκ(s) → −∞. This implies ∆rp(x) → −∞ as s(p, x) → δκ. This contradicts that rp is
smooth in a neighborhood of q. 
Proof of Corollary 2.8. Suppose that supq∈M d(p, q) = +∞. Then there exists a
sequence {qi} in M such that d(p, qi) → +∞ as i→ +∞. By Lemma 2.3, there exists a
subsequence {qik} so that s(p, qik)→ +∞ as k → +∞, which contradicts supq∈M s(p, q) ≤
δκ. Therefore, supq∈M d(p, q) <∞, hence M is compact. 
5 Proof of Theorem 2.10
Lemma 5.1 (Volume Element Comparison) Let (M, g) be an n-dimensional com-
plete Riemannian manifold and φ ∈ C2(M). Fix p ∈ M . Assume that (2.9) holds for
all x /∈ Cut(p) ∪ {p}. Let J be the volume element in geodesic polar coordinates and set
Jφ(r, θ) := e
−φ(r,θ)J(r, θ). Then for r0 < r1,
Jφ(r1, θ)
Jφ(r0, θ)
≤ sκ(s(r1, θ))
n−m
sκ(s(r0, θ))n−m
. (5.1)
Proof. Recall s = s(r) = sp(r, θ) =
∫ r
0
exp
(
−2φ(γt)
n−m
)
dt and γ is the unit speed geodesic
from p with γ˙(0) = θ. First note that the right hand side of (5.1) is meaningful for r0 < r1,
because s(r0) < s(r1) ≤ δκ by Theorem 2.7. From Lemma 3.3 and (3.2) we have that
d
ds
log Jφ(r, θ) = e
2φ
n−mLrp(r, θ) ≤ (n−m) cotκ(s) = d
ds
log(sκ(s)
n−m) (5.2)
for r ∈]0,+∞[. Integrating (5.2) between any s0 < s1 with si = s(ri) and ri ∈]0, R[
(i = 0, 1) gives
log
(
Jφ(r1, θ)
Jφ(r0, θ)
)
≤ log
(
sκ(s1)
n−m
sκ(s0)n−m
)
implies
Jφ(r1, θ)
Jφ(r0, θ)
≤ sκ(s1)
n−m
sκ(s0)n−m
18
for all s0 < s1. Note that since ds is an orientation preserving change of variables along
the geodesic γ, the quantity is also non-increasing in terms of the parameter r ∈]0,+∞[.

Proof of Theorem 2.10. Consider geodesic polar coordinates around p. For each
θ ∈ Sn−1, let cut(θ) to be the distance from p to the cut point along the geodesic with
γ(0) = p and γ˙(0) = θ, then
µ(A(p, r0, r1)) =
∫
Sn−1
∫
cut(θ)∧r1
cut(θ)∧r0
Jφ(r, θ)drdθ,
and
νp(κ, r0, r1) =
∫
Sn−1
∫
cut(θ)∧r1
cut(θ)∧r0
sn−mκ (sp(r, θ))drdθ.
By Lemma 5.1, for all r1, r2 > 0 with r1 < r2
Jφ(r2, θ)
Jφ(r1, θ)
≤ s
n−m
κ (sp(r2, θ))
sn−mκ (sp(r1, θ))
≤
sn−mκ
(
e−
2φ
p
(r2)
n−m r2
)
sn−mκ
(
e−
2φp(r1)
n−m r1
) .
So for 0 ≤ ra < rb and 0 ≤ rc < rd, we have∫
cut(θ)∧rd
cut(θ)∧rc
Jφ(r2, θ)dr2∫
cut(θ)∧rb
cut(θ)∧ra
Jφ(r1, θ)dr1
≤
∫
cut(θ)∧rd
cut(θ)∧rc
sn−mκ (sp(r2, θ))dr2∫
cut(θ)∧rb
cut(θ)∧ra
sn−mκ (sp(r1, θ))dr1
≤
∫
cut(θ)∧rd
cut(θ)∧rc
sn−mκ
(
e−
2φ
p
(r2)
n−m r2
)
dr2∫
cut(θ)∧rb
cut(θ)∧ra
sn−mκ
(
e−
2φp(r1)
n−m r1
)
dr1
Thus
∫
Sn−1
∫
cut(θ)∧rd
cut(θ)∧rc
Jφ(r2, θ)dr2dθ∫
Sn−1
∫
cut(θ)∧rb
cut(θ)∧ra
Jφ(r1, θ)dr1dθ
≤
∫
Sn−1
∫
cut(θ)∧rd
cut(θ)∧rc
sn−mκ
(
e−
2φ
p
(r2)
n−m r2
)
dr2dθ∫
Sn−1
∫
cut(θ)∧rb
cut(θ)∧ra
sn−mκ
(
e−
2φp(r1)
n−m r1
)
dr1dθ
.
This implies (2.17). If φ is rotationally symmetric around p, sp(r, θ) can be written as
sp(r) and one can derive∫
Sn−1
∫
cut(θ)∧rd
cut(θ)∧rc
Jφ(r2, θ)dr2dθ∫
Sn−1
∫
cut(θ)∧rb
cut(θ)∧ra
Jφ(r1, θ)dr1dθ
≤
∫
Sn−1
∫
cut(θ)∧rd
cut(θ)∧rc
sn−mκ (sp(r2))dr2dθ∫
Sn−1
∫
cut(θ)∧rb
cut(θ)∧ra
sn−mκ (sp(r1))dr1dθ
.
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This implies (2.18). Similarly, in the modified coordinates (s, θ), we set
cuts(θ) :=
∫
cut(θ)
0
e−
2φ(γt)
n−m dt,
where γ is the unit speed geodesic with γ(0) = p and γ˙(0) = θ. Then we have
ν(C(p, s0, s1)) =
∫
Sn−1
∫
cuts(θ)∧s1
cuts(θ)∧s0
Jφ(r(s), θ)dsdθ,
and
v(κ, s0, s1) =
∫
Sn−1
∫ s1
s0
sn−mκ (s)dsdθ = ωn−1
∫ s1
s0
sn−mκ (s)ds,
and (ii) follows. Here r(s) :=
∫ s
0
exp
(
2φ(γ(t))
n−m
)
dt. 
6 Proof of Theorem 2.12
Proof of Theorem 2.12. Suppose that M is non-compact. Let us assume that γ is a
unit speed geodesic with γ0 = p satisfying (2.22). Note that the function λ(t) is smooth
for all t > 0 along γ. By (3.4), we have
λ(t)− λ(1) + 1
n−m
∫ t
1
e−
2φ(γr)
n−m λ(r)2dr ≤ −
∫ t
1
e
2φ(γr)
n−m Ricm,n(L)(γ˙r, γ˙r)dr.
Hence
lim
t→+∞
(
λ(t) +
1
n−m
∫ t
1
e−
2φ(γr)
n−m λ(r)2dr
)
= −∞. (6.1)
In particular, limt→+∞ λ(t) = −∞. Next we prove that there exists a finite number T > 0
such that limt→T− λ(t) = −∞, which contradicts the smoothness of λ(r). By (6.1), given
c > n−m there exists t0 > 1 such that
−λ(t0)− 1
n−m
∫ t0
1
e−
2φ(γr)
n−m λ(r)2dr ≥ c
n−m.
Since
lim
t→+∞
∫ t
1
e
2φ(γr)
n−m Ricm,n(L)(γ˙r, γ˙r)dr = +∞,
there exists t1 ∈]t0,+∞[ such that
∫ t
t0
e
2φ(γr)
n−m Ricm,n(L)(γ˙r, γ˙r)dr ≥ 0 for all t ≥ t1. Let
ψ(t) be the function defined by
ψ(t) := −λ(t)− 1
n−m
∫ t
1
e−
2φ(γr)
n−m λ(r)2dr −
∫ t
1
e
2φ(γr)
n−m Ricm,n(L)(γ˙r, γ˙r)dr. (6.2)
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Then we see ψ′(t) ≥ 0 by (3.4). Hence ψ(t) ≥ ψ(t0) for t ≥ t1 > t0. This implies that
−λ(t)− 1
n−m
∫ t
1
e−
2φ(γr)
n−m λ(r)2dr ≥ c
n−m > 1 (6.3)
holds for all t ≥ t1. Let us consider the sequence {tℓ} defined inductively by∫ tℓ+1
tℓ
e−
2φ(γr)
n−m λ(r)2dr = (n−m)
(
n−m
c
)ℓ−1
for ℓ ≥ 1.
Let T be the increasing limit of {tℓ}. Then we see∫ T
t1
e−
2φ(γr)
n−m λ(r)2dr =
c(n−m)
c− n+m.
In view of the (φ,m)-completeness of (M, g, φ) at p, we can obtain∫ ∞
1
e−
2φ(γr)
n−m λ(r)2dr = +∞
by limr→+∞ λ(r) = −∞. Thus we obtain T < ∞. Finally we claim that for given
ℓ ∈ N, −λ(t) ≥ ( c
n−m
)ℓ
for all t ≥ tℓ. This is true for ℓ = 1 by (6.3). Suppose that
−λ(r) ≥ ( c
n−m
)ℓ
for all r ≥ tℓ and fix t ≥ tℓ+1. Then using inequality (6.3) again,
−λ(t) ≥ c
n−m +
1
n−m
∫ tℓ
1
e−
2φ(γr)
n−m λ(r)2dr +
1
n−m
∫ tℓ+1
tℓ
e−
2φ(γr)
n−m λ(r)2dr
≥ 1
n−m
∫ tℓ+1
tℓ
e−
2φ(γr)
n−m λ(r)2dr
≥ 1
n−m ·
c2ℓ
(n−m)2ℓ ·
(n−m)ℓ
cℓ−1
=
(
c
n−m
)ℓ+1
.
Therefore we prove the claim. In particular, limt→T− λ(t) = −∞ which is the desired
contradiction. 
7 Proof of Theorem 2.15
Let γ be a ray in M , i.e. a unit speed geodesic defined on [0,+∞[ such that d(γt, γs) =
|s− t| for any s, t ≥ 0. The Busemann function bγ : M → R for a ray γ is defined by
bγ(x) := lim
t→+∞
(t− d(x, γt)) , x ∈M.
It follows from the triangle inequality that t 7→ d(x, γt) is monotonically non-decreasing
in t, so that the above limit exists. Moreover, it is well-known that bγ is a 1-Lipschitz
function. See e.g. [46].
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Lemma 7.1 Let (M, g) be an n-dimensional complete Riemannian manifold and a func-
tion φ ∈ C2(M). Suppose that (M, g, φ) is (φ,m)-complete. Suppose that for any p ∈M ,
(2.9) holds for any x /∈ (Cut(p) ∪ {p})c with κ = 0. Then the Busemann function bγ for
any ray γ in M is an L-subharmonic function in the barrier sense, i.e., for each p ∈ M
and any ε > 0, there exists a smooth function bp,ε defined on a neighborhood Uε(p) at p
such that bp,ε(p) = bγ(p), bp,ε ≤ bγ on Uε(p), and Lbp,ε(p) ≥ −ε.
Proof. Fix p ∈M and a ray γ inM . Take any sequence {tk} satisfying limk→∞ tk = +∞.
Let ηtk be a minimal g-geodesic joining p and γtk . As stated in [15], there exists a
subsequence of tk such that the initial vector η˙tk(0) converges to some unit vector u ∈ TpM .
Let η be the ray emanating from p and generated by u. Then p does not belong to the
cut-locus of η(r) for any r > 0. So brγ(x) := r− d(x, η(r)) + bγ(p) is smooth around p and
satisfies brγ ≤ bγ with brγ(p) = bγ(p). By (2.10), we see
Lbrγ(p) = −Lrη(r)(p) ≥ −e−
2φ(p)
n−m
n−m
s(p, η(r))
. (7.1)
Since (M, g, φ) is (φ,m)-complete, we have that limi→+∞ s(p, η(ti)) = +∞. Indeed, sup-
pose s(p, η(ti)) ≤ N for some fixed N ∈]0,+∞[. Let ηi : [0, Ti]→M be the unit speed g-
geodesic with ηi(0) = p and ηi(Ti) = η(ti) so that s(p, η(ti)) =
∫ Ti
0
e−
2φ(ηi(t))
n−m dt ≤ N . Note
that η˙i(0) ∈ TpM subconverges to a unit vector v ∈ TpM . Let η be the unit g-geodesics
with η(0) = p and η˙(0) = v. By uniform convergence of geodesics, s(p, η(t)) ≤ N for
all t > 0. Therefore,
∫∞
0
e−
2φ(η(t))
n−m dt ≤ N , which contradicts the (φ,m)-completeness of
(M, g, φ).
Combining (7.1) with limi→+∞ s(p, η(ti)) = +∞, we can construct the desired support
function. 
Proof of Theorem 2.15. Let γ :] − ∞,+∞[→ M be a line (i.e., d(γt, γs) = |s − t|
for s, t ∈ R) and γ+, γ− rays defined by γ+t := γt, γ−t := γ−t (t ≥ 0). Let b+, b−
be the Busemann function associated to γ+, γ−, respectively. Then, under the (φ,m)-
completeness of (M, g, φ), b+ and b− are continuous L-subharmonic functions on M in
the barrier sense by Lemma 7.1. Since γ is a line, for each x ∈M , we have
b+(x) + b−(x) = lim
t→+∞
(2t− d(x, γt)− d(x, γ−t)) ≤ 0
and b+ + b− = 0 on γ. In view of the strong maximum principle for L-subharmonic
functions in the barrier sense (see [11, 15] and [17, Lemma 2.4]), we have b+ + b− = 0 on
M . In particular, b+ and b− are continuous L-harmonic functions in the barrier sense.
Since |∇rp| = 1 on ({p} ∪ Cut(p))c, we have |∇bγ+ | = |∇bγ− | = 1 on M . Applying the
weak maximum principle to the L-harmonic function b± − h± on B in the barrier sense,
we can deduce b± ≤ h± on B, hence 0 = b+ + b− ≤ h+ + h−. Applying the strong
maximum principle again to the smooth L-harmonic function h+ + h− on B, we have
h++h− ≡ 0 on B. Thus, we can get 0 ≥ b+−h+ = −(b−−h−) ≥ 0 on B, hence b± = h±
on B. Therefore, b± is smooth on any ball B, hence on M . Applying [58, Lemma 3.1]
to the L-harmonicity of bγ± in the barrier sense and |∇bγ± | = 1, we can deduce that
Ric1,n(L)(∇bγ± ,∇bγ±) = 0 and n − 1 non-zero eigenvalues of Hess bγ± |p are all equal,
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because Hess bγ± |p has n − 1 non-zero eigenvalues. Applying [58, Lemma 3.5] and that
CD(0, m)-condition implies CD(0, 1)-condition form < 1, the metric g is a warped product
of the form g = dr2 + e
2φ¯(r)
n−1 gL and φ = φ¯(r) + φL where φL : L→ R. In the same way of
the proof of [58, Corollary 1.3], we can deduce that dφ¯
dr
= 0, because Ric1,n(L)
(
∂
∂r
, ∂
∂r
)
= 0
and
0 ≤ Ricm,n(L)
(
∂
∂r
,
∂
∂r
)
= Ric1,n(L)
(
∂
∂r
,
∂
∂r
)
+
(
m− 1
(n− 1)(n−m)
)(
dφ¯
dr
)2
=
(
m− 1
(n− 1)(n−m)
)(
dφ¯
dr
)2
≤ 0.
This means that g = dr2 + e
2φ¯(0)
n−1 gL and φ = φ¯(0) + φL is a function on L only. 
8 Proof of Theorems 2.20
The proof of Theorem 2.20 is based on the generalized Grigoryan’s criterion for the con-
servativeness of Dirichlet form, which says that if for some x ∈M ,∫ ∞
1
r dr
log µ(Br(p))
= +∞, (8.1)
then Pt = etL is conservative. In view of this, Theorem 2.20 follows from the following
lemma.
Lemma 8.1 Fix p ∈M . Let (M, g) be an n-dimensional complete Riemannian manifold
without boundary and a function φ ∈ C2(M). Fix p ∈ M . Let K(r) be a non-negative
continuous non-decreasing function on [0,+∞[ satisfying K(p). Assume that (2.9) holds
for x /∈ Cut(p) ∪ {p}. Then, for 0 < r < R
µ(BR(p))
µ(Br(p))
≤ e2(φp(r)−φp(R))
(
R
r
)(n−m+1)
exp
(√
(n−m)K
(
e−
2φ
p
(R)
n−m R
)
e−
2φ
p
(R)
n−m R
)
.
In particular, under Ricm,n(L)x(∇rp,∇rp) ≥ 0 for x /∈ Cut(p) ∪ {p}, we have that for
0 < r < R
µ(BR(p))
µ(Br(p))
≤ e2(φp(r)−φp(R))
(
R
r
)(n−m+1)
. (8.2)
Proof. Recall that K(s) = (n − m)κ(s) is a non-negative non-decreasing continuous
function. Assume that Ricm,n(L)x(∇rp,∇rp) ≥ −K(x)e−
4φ(x)
n−m holds for x ∈ (Cut(p) ∪
{p})c. Here K(x) = K(sp(x)), x ∈M . By Theorem 2.10, we have
µ(BR(p))
µ(Br(p))
≤
∫ R
0
sn−m−κ
(
e−
2φ
p
(r2)
n−m r2
)
dr2∫ r
0
sn−m−κ
(
e−
2φp(r1)
n−m r1
)
dr1
, (8.3)
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where
sp(r, θ) :=
∫ r
0
e−
2φ(γt)
n−m dt
with the unit speed geodesic γt satisfying θ = γ˙0 and γ0 = p, and s−κ(s) is the unique
solution of the Jacobi equation s′′−κ(s)− κ(s)s−κ(s) = 0 with s−κ(0) = 0 and s′−κ(0) = 1.
Let T := e−
2φ
p
(R)
n−m R. Applying the comparison theorem for the solution of Jacobi equation,
we see
s = s0(s) ≤ s−κ(s) ≤ s−κ(T )(s) = sinh
√
κ(T )s√
κ(T )
. (8.4)
Combining (8.3) with (8.4), we have
µ(BR(p))
µ(Br(p))
≤ e
2φp(r)∫ r
0
rn−m1 dr1
∫ R
0
sn−m
−κ(T )
(
e−
2φ
p
(r2)
n−m r2
)
dr2
≤ e
2φp(r)∫ r
0
rn−m1 dr1
∫ R
0
sinh√κ(T )e− 2φp(R)n−m r2√
κ(T )
n−m dr2
≤ e
2φp(r)∫ r
0
rn−m1 dr1
∫ R
0
(
sinh
√
κ(T )T√
κ(T )T
· e−
2φ
p
(R)
n−m r2
)n−m
dr2,
where we use that x 7→ sinh x/x is non-decreasing. Thus
µ(BR(p))
µ(Br(p))
≤ e2(φp(r)−φp(R))
(
R
r
)n−m+1(sinh√κ(T )T√
κ(T )T
)n−m
.
Using the inequality sinhx
x
≤ ex for x ≥ 0, we obtain the conclusion. 
Proof of Theorem 2.20. We first prove the assertion for the case K ≡ 0 under (2.28).
From (8.2), we have that for r > r0 > 1
log µ(Br(p)) ≤ log µ(Br0(p)) + 2(φp(r0)− φp(r)) + (n−m+ 1) log
r
r0
≤ log µ(Br0(p)) + 2φp(r0)− 2φp(r) + (n−m+ 1) log r.
There exists r1 > r0 such that for all r > r1
log µ(Br0(p)) + 2φp(r0) ≤ (n−m+ 1) log r.
Thus, for all r > r1
log µ(Br(p)) ≤ 2(n−m+ 1) log r − 2φp(r).
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Since limr→∞
log r
r
= 0 and limr→∞ exp
(
−2φp(r)
n−m
)
= C ∈]0,+∞], there exists r2 ∈]r1,+∞[
such that for any r > r2
2(n−m+ 1)log r
r
≤ n−m
r0
exp
(
−
2φ
p
(r)
n−m
)
.
From this
log µ(Br(p))
r
≤ 2(n−m+ 1)log r
r
−
2φ
p
(r)
r
= 2(n−m+ 1)log r
r
+
n−m
r
(
−
2φ
p
(r)
n−m
)
≤ 2n−m
r0
exp
(
−
2φ
p
(r)
n−m
)
.
By (2.28), we have∫ ∞
r2
rdr
log µ(Br(p))
≥ r0
2(n−m)
∫ ∞
r2
exp
(
2φ
p
(r)
n−m
)
dr = +∞,
which implies the conservativeness of X by [20]. When n ≤ m+1 and φ is lower bounded,
we see ∫ ∞
1
r dr
µ(Br(p))
≥ e
2 infM φ−2φp(r0)rn−m+10
µ(Br0(p))
∫ ∞
r1
d r
rn−m
= +∞.
This implies the recurrence of X (see [47, Theorem 3]). Next we prove the assertion for
the case K 6≡ 0. Then there exists t0 > 0 such that K(t) > 0 for all t ≥ t0. Note that
r 7→ e−
2φ
p
(r)
n−m is lower bounded by e−
2φ(p)
n−m . In this case, there exists r0 > 0 such that
t0 < e
−
2φ
p
(r0)
n−m r0, µ(Br0(p)) > 1 and
1
2
√
(n−m)K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m r
≥ log µ(Br0(p)) + 2φp(r0) + (n−m+ 1) log r for all r > r0.
If we set
r1 := max

2(n−m)√
(n−m)K
(
e
−2φ
p
(r0)
n−m r0
) , r0

,
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then
1
2
√
(n−m)K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m r ≥ −2φ
p
(r) for all r > r1.
Thus√
(n−m)K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m r ≥ log µ(Br0(p)) + 2φp(r0)− 2φp(r) + (n−m+ 1) log r
for all r > r1. Applying this with Lemma 8.1, we have∫ ∞
r1
rdr
log µ(Br(p))
≥
∫ ∞
r1
rdr
log µ(Br0(p))+2φp(r0)−2φp(r)+(n−m+ 1) log r+
√
(n−m)K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m r
≥ 1
2
∫ ∞
r1
rdr√
(n−m)K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m r
=
1
2
√
n−m
∫ ∞
r1
dr√
K
(
e−
2φ
p
(r)
n−m r
)
e−
2φ
p
(r)
n−m
= +∞.

9 Proof of Theorem 2.21
Proof of Theorem 2.21. We follow the argument as used in the proof of Theorem 1.5
in [32], which extends the method originally by Azencott [4] and developed in Hsu [23,
Theorem 4.3.2] (see also Hsu [22] and Qian [45]). By Theorem 2.20, the L-diffusion is
conservative under the condition of Theorem 2.21. Let X = (Ω, Xt,Px) be the L-diffusion
starting from x ∈ M . By Azencott [4], we need to prove that for any geodesic ball
K = BR(p), where R is a fixed constant, we have
lim
d(x,p)→∞
Px(σK < t) = 0, (9.1)
where σK := inf{t > 0 | Xt ∈ K} is the first hitting time to K = BR(p). We may assume
R < rp(x). Let σ0 := 0, and for all k ∈ N,
τk := inf{t > σk | d(Xt, Xσk) = 1}, k ≥ 0,
σk := inf{t ≥ τk−1 | rp(Xt) = rp(x)− k}, k ≥ 1.
That is, σk is the first hitting time to the geodesic ball Brp(x)−k(p), τk − σk is the amount
of time during which the L-diffusion process moves from Xσk ∈ ∂Brp(x)−k(p) to Xτk ∈
26
∂B1(Xσk), and σk+1 − τk is the amount of the time during which the L-diffusion leaves
from ∂B1(Xσk) and hits ∂Brp(x)−k+1(p). Let
θk := τk − σk.
Then
σK ≥ σ[rp(x)−R] ≥ θ0 + θ1 + · · ·+ θ[rp(x)−R−1],
where [rp(x) − R] denotes the largest integer which does not exceed rp(x) − R. Since
K = (n − m)κ is non-decreasing, we may assume that there exists t0 > 0 satisfying
κ(t) > 0 for all t ≥ t0 provided K 6≡ 0. The key point is to prove that there exist two
constants C1, C2 > 0 such that for all k ≥ 0,
Px
(
θk ≤ C1
l(rp(x)− k + 1)
)
≤ exp (−C2l(rp(x)− k + 1)) , (9.2)
where l(s) := e
2φp(3s)−2φp
(3s)
n−m
√
κ
(
2e−
2φ
p
(3s)
n−m s
)
under K 6≡ 0, or l(s) := e
2φp(3s)−2φp
(3s)
n−m under
K ≡ 0. To this end, we use Kendall’s Itô-Skorakhod formula. In fact, see Kendall [27],
under the probability measure Px, there exists a standard Browinian motion βt such that
rx(Xt) = d(Xt, x) can be decomposed into
rx(Xt) =
√
2βt +
∫ t
0
Lrx(Xs)ds− Lt,
where Lt is a non-decreasing process which is increasing only on {t ∈ [0,+∞[ | Xt ∈
Cut(x)}. For a proof, see [32, Remark 4.1]. Moreover, using the Kendall’s decomposition
and the Girsanov transform, we have
d(Xt, Xσk) =
√
2(βt − βσk) +
∫ t
σk
Ld(Xs, Xσk)ds− (Lt − Lσk)
Note that
d2(Xt, Xσk) = 2
∫ t
σk
d(Xs, Xσk)d(d(Xs, Xσk)) + 〈d(X·, Xσk)〉t − 〈d(X·, Xσk)〉σk .
Since 〈d(X·, Xσk)〉t =〉
√
2β〉t = 2t and Lt − Lσk is a non-decreasing positive process on
[σk, τk], we have
1
2
d2(Xt, Xσk) ≤
√
2
∫ t
σk
d(Xs, Xσk)dβs +
∫ t
σk
d(Xs, Xσk)Ld(Xs, Xσk)ds + t− σk. (9.3)
For y ∈ Brp(x)−k+1(p) \ (Cut(Xσk)∪{Xσk}), we have ry(Xσk) ≤ rp(Xσk) + rp(y) = rp(x)−
k + rp(y) ≤ 2(rp(x)− k) + 1 ≤ 2(rp(x)− k + 1). By (2.24), we see that for such y
Cp(rp(x)− k + 1) ≤ e−
2φy(ry(Xσk
))
n−m ry(Xσk)
≤ sy(Xσk)
≤ e−
2φ
y
(ry(Xσk
))
n−m ry(Xσk)
≤ Cp(rp(x)− k + 1),
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where Cp := Cp(x, y) := 2e
−
2φy(2(rp(x)−k)+1)
n−m ≤ 2e−
2φy(ry(Xσk
))
n−m ≤ 2e−
2φ(Xσk
)
n−m and Cp :=
Cp(x, y) := 2e
−
2φ
y
(2(rp(x)−k)+1)
n−m ≥ 2e−
2φ
y
(ry(Xσk
))
n−m ≥ 2e−
2φ(Xσk
)
n−m .
Applying Theorem 2.4 to (2.29) with q = y and z = Xσk , we have that for y ∈
Brp(x)−k+1(p) \ (Cut(Xσk) ∪ {Xσk}),
(Lry)(Xσk) ≤ m−κ(sy(Xσk))e−
2φ(Xσk
)
n−m
≤ m−κ(Cp(rp(x)−k+1))(sy(Xσk))e−
2φ(Xσk
)
n−m
= (n−m)
√
κ(Cp(rp(x)− k + 1)) coth
(√
κ(Cp(rp(x)− k + 1))sy(Xσk)
)
e−
2φ(Xσk
)
n−m
≤ Cp
√
κ
(
Cp(rp(x)− k + 1)
)
coth
(
Cp
√
κ
(
Cp(rp(x)− k + 1)
)
ry(Xσk)
)
.
In the second inequality above, we use Sturm-Liouville comparison theorem for Riccati
equation (see the argument of the proof of Lemma 8.1). Using a coth a ≤ 1+ a for a ≥ 0,
we obtain that for y ∈ Brp(x)−k+1(p) \ Cut(Xσk),
ry(Xσk)(Lry)(Xσk) ≤ Cp(n−m)
√
κ
(
Cp(rp(x)− k + 1)
)
ry(Xσk)
× coth
(
Cp
√
κ
(
Cp(rp(x)− k + 1)
)
ry(Xσk)
)
(9.4)
≤ (n−m)Cp
Cp
(
1 + Cpry(Xσk)
√
κ
(
Cp(rp(x)− k + 1)
))
.
For all s ∈ [σk, τk], we have Xs ∈ B1(Xσk) ⊂ Brp(x)−k+1(p). By (2.23), we have
φ
p
(3(rp(x)− k + 1)) ≤ φp(2(rp(x)− k + 1) + rp(x)− k)
≤ φ
Xσk
(2(rp(x)− k + 1))
≤ φ
Xs
(2(rp(x)− k) + 1)
and
φp(3(rp(x)− k + 1)) ≥ φp(2(rp(x)− k + 1) + rp(x)− k)
≥ φXσk (2(rp(x)− k + 1))
≥ φXs(2(rp(x)− k) + 1)
from d(p,Xσk) = rp(x)− k and d(Xs, Xσk) ≤ d(Xs, Xσk) = 1 under s ∈ [σk, τk]. We then
see
Dp : = Dp(x) := 2e
−
2φp(3(rp(x)−k+1))
n−m ≤ Cp = Cp(x,Xs),
Dp : = Dp(x) := 2e
−
2φ
p
(3(rp(x)−k+1))
n−m ≥ Cp = Cp(x,Xs).
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Note that Cp ≤ Cp, hence Dp ≤ Dp. Now we apply (9.4) to y = Xs under s ∈ [σk, τk].
Thus, we have for s ∈ [σk, τk],
d(Xs, Xσk)Ld(Xs, Xσk) ≤
(n−m)Dp
Dp
(
1 +Dpd(Xs, Xσk)
√
κ
(
Dp(rp(x)− k + 1)
))
.
Taking t = τk in (9.3) and since d(Xs, Xσk) ≤ d(Xτk , Xσk) = 1 for all s ∈ [σk, τk], we
obtain
1
2
≤
√
2
∫ τk
σk
d(Xs, Xσk)dβs +
(n−m)Dp
Dp
(τk − σk)
+
[
(n−m)Dp
√
κ
(
Dp(rp(x)− k + 1)
)
+ 1
]
(τk − σk).
When K 6≡ 0, without loss of the generality we may assume κ (Dp(rp(x)− k + 1)) ≥ 1 by
changing κ(t) into κ(t)/κ(t0) and taking sufficiently large rp(x), hence
l(rp(x)− k + 1) =
Dp
Dp
√
κ
(
Dp(rp(x)− k + 1)
) ≥ 1.
When K ≡ 0, we see
l(rp(x)− k + 1) =
Dp
Dp
= e
2(φp−φp
)(3(rp(x)−k+1))
n−m ≥ 1.
In both cases, we can have the following estimate:
1
2
≤
√
2
∫ τk
σk
d(Xs, Xσk)dβs + 2(n−m+ 1)l(rp(x)− k + 1)(τk − σk).
This yields that, for any enough small constant C1 > 0,
Px
(
τk − σk ≤ C1
/
l(rp(x)− k + 1)
)
≤ Px
(∫ τk
σk
d(Xs, Xσk)dβs ≥
1
8
)
.
Based on Lévy’s criterion and the random time change, the standard method as used in
Hsu [23, Theorem 3.6.1], [22, Lemma 3.2] proves that
Px
(∫ τk
σk
d(Xs, Xσk)dβs ≥
1
8
)
≤ exp (−C2l(rp(x)− k + 1)) .
Therefore we have proved (9.2). Then we can follow the same argument use in Hsu [23],
[22] to obtain
Px(σK ≤ t) ≤
N(x,t)∑
k=0
exp (−C2l(rp(x)− k + 1)) , (9.5)
29
where N(x, t) is the smallest integer such that
N(x,t)∑
k=0
1
l(rp(x)− k + 1) >
t
C1
.
Indeed, if K 6≡ 0, by (2.25)∫ ∞
so
ds
l(s)
≥
∫ ∞
so
ds√
κ
(
e−
2φ
p
(3s)
n−m 3s
)
e
2(φp(3s)−φp
(3s))
n−m
= +∞
for some so > 0. When K ≡ 0, by (2.30)∫ ∞
so
ds
l(s)
≥
∫ ∞
so
e−
2(φp(3s)−φp
(3s))
n−m ds = +∞.
Such N(x, t) exists for all sufficiently large rp(x). By the choice of N(x, t),
t
C1
≥
N(x,t)−1∑
k=0
1
l(rp(x)− k + 1) ≥
[rp(x)]+2∑
j=[rp(x)]−N(x,t)+3
1
l(j)
≥
∫ [rp(x)]+3
[rp(x)]−N(x,t)+3
dr
l(r)
(9.6)
By (2.25) again, as rp(x) ↑ +∞, the lowest bound [rp(x)] − N(x, t) + 3 of the last sum
must go to infinity:
rp(x)−N(x, t) →∞ as rp(x) ↑ +∞. (9.7)
This implies that [rp(x)−R−1] ≥ N(x, t) for all sufficiently large rp(x), and the following
sequence of inclusions holds:
{σK ≤ t} ⊂

[rp(x)−R−1]∑
k=0
θk ≤ t
 ⊂

N(x,t)∑
k=0
θk ≤ t

⊂
N(x,t)⋃
k=0
{
θk ≤ C1
l(rp(x)− k + 1)
}
.
Then we can get (9.5) by (9.2). Combining (9.6) with
e−C2l(r) ≤ l(rp(x)−N(x, t))e−C2l(rp(x)−N(x,t)) 1
l(r)
,
for r ≥ rp(x)−N(x, t), we obtain
Px(σK ≤ t) ≤
∫ rp(x)+1
rp(x)−N(x,t)
e−C2l(r)dr
≤ l(rp(x)−N(x, t))e−C2l(rp(x)−N(x,t))
(
t
C1
+
3
l(rp(x)−N(x, t))
)
.
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We may assume lims→∞ l(s) = +∞. Indeed, if φ is unbounded, then this holds automati-
cally. If φ is bounded (in this case the conditions K(p) and K(p) are equivalent to (1.2)),
this holds under limr→∞ K(r) = +∞. When limr→∞K(r) < +∞ including the case K ≡ 0,
we can replace K(r) with another continuous strictly increasing function K˜(r) := K(r)+r.
Then we see
K(r) ≤ K˜(r) for all r > 0, lim
r→∞
K˜(r) = +∞, and K˜ satisfies (1.2).
The last term above converges to 0 as rp(x) →∞ by lims→∞ l(s) = +∞ and (9.7). This
proves the desired key estimate (9.1) for K = BR(p). 
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